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Using first-principles density functional perturbation theory based calculations of length-dependent lattice
thermal conductivity (κL) and using our previously calculated results (Phys Rev B 95 085435 (2017)) of elec-
trical transport, we report results of thermoelectric figure-of-merit (ZT ) of monolayer and bilayer Graphene.
We find nearly ten-fold increase in ZT for the graphene sample doped with boron nitride and reduced sample
length. We also compare κL calculated using the iterative real space method with conventional analytical
Callaway-Klemens method and obtain the flexural (ZA) phonon modes to be dominant in thermal transport
unlike in the latter method. Our calculations are in good agreement with available experimental data.
I. INTRODUCTION
Graphene is single-atom thick, sp2 hybridized carbon
atoms arranged in a two-dimensional (2D) honeycomb
crystal structure having two atoms in its unit cell1. Bi-
layer graphene consists of two monolayers, with four
atoms in the unit cell arranged in an AB-type stacking
known as Bernal-stacked. Monolayer graphene (MLG),
has a linear band dispersion and is a semi-metal with
a high electrical mobility2–8. On the other hand bi-
layer graphene (BLG) can be used as a tunable band
gap semiconductor9. These intriguing properties along
with the fact that MLG and BLG are extremely atomi-
cally stable make them ideal candidates for a good testing
ground since they can be supported between two leads.
Being a planar 2D structure, one of the main advan-
tage of MLG and BLG over many other materials is that
they can be readily used in circuit designs with stan-
dard lithography methods and hence can be used to fab-
ricate transistors at true nanoscale limit. In the interest
of thermoelectric devices and fundamental physics, MLG
and BLG have therefore drawn a large extent of experi-
mental, computational and theoretical attention for their
transport properties.
Graphene and other related 2D nanomaterials exhibit
crucial important properties which are useful for their
application in renewable energy10,11. Graphene nanorib-
bons are found to be promising candidates for power
generation in thermoelectric devices. Experimentally it
has been shown that the thermal transport of graphene
based devices can be tailored by defects, isotope engi-
neering, edge roughness and by techniques to introduce
nano-holes12. From a theoretical point of view, study of
the lattice thermal conductivity of MLG and BLG is of
great significance13,14.
The quality for being able to efficiently generate ther-
moelectric power in transport devices is related to the di-
mensionless quantity figure-of-merit (ZT ), expressed by
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S2σT
κ . Where, S is the Seebeck coefficient, σ is the electri-
cal conductivity, T is the temperature and κ is total (con-
tribution due to electrons and the lattice) thermal con-
ductivity. An efficient material will hence require a high
power factor (S2σ) and low thermal conductivity. We
have recently15 showed that BN-doped MLG and BLG
exhibit increase in the power factor, as such doping in-
duces a small band gap, thereby increasing S. Therefore
calculations on thermal conductivity of these materials
are highly desirable because if the thermal conductivity
decreases, doping or inducing graphene with impurities
would be a useful technique to increase the power perfor-
mance of graphene devices.
The relative contributions to heat conduction by the
acoustic in-plane and out-of-plane phonons are still de-
batable. Several studies16–20 indicate that out-of-plane
ZA phonon modes to be the most dominant while few
others21–28 report the opposite. Therefore an analytical
expression for the acoustic modes would play a very im-
portant role in solving these discrepancies. In this paper,
we attempt to resolve such issues.
Allen has shown that the Callaway method29 under-
estimates the suppression of the normal processes and
has proposed an improved method30 which has been
compared with the iterative method before for various
materials31. However, this has been done only for three
dimensional materials. There have also been earlier stud-
ies on the length dependence thermal conductivity of sin-
gle layer graphene using either a Monte Carlo simula-
tion on a quadratic and linear fit to the acoustic phonon
modes32 or the improved Callaway model33,34.
In all of these calculations, none of the relaxation times
were calculated beyond the relaxation time approxima-
tion (RTA) using an iterative method. All length de-
pendence calculations were done at room temperature.
Moreover, those calculations do not take the symmetry
of the sample into account.
Previous studies using density functional perturba-
tion theory (DFPT)to calculate the thermal conductiv-
ity by solving the BTE exactly have been reported for
graphene13, bilayer graphene35, and, B and N doped
graphene36. For example, Fugallo et al.35 have solved the
BTE exactly for MLG and BLG using phonon-phonon
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2scattering rates derived from DFPT. Their calculations
concentrate on the collective phonon excitations in com-
parison to the single phonon excitations. Our calcula-
tions, on the other hand, deal with solving the BTE be-
yond the RTA for each acoustic mode at various lengths
and temperatures. The temperature dependent behav-
ior of each acoustic mode using the iterative method has
been demonstrated by Lindsay et. al13 only for MLG.
Previous theoretical calculations on mode dependent
lattice thermal conductivity for BLG have used the Ter-
soff potential18 and hence a first-principle calculation
showing the length, temperature dependence of the lat-
tice thermal conductivity is of great importance. Con-
centration dependent lattice thermal conductivity for B
and N doped graphene calculations suggest a decrease in
lattice thermal conductivity36, a feature similar to what
is seen in our calculations. Reproducing these previously
reported results for graphene justifies our predictions for
the temperature dependent lattice thermal conductivity
for BLG. Merging the lattice thermal conductivity calcu-
lations, which are in good agreement with previous the-
oretical and experimental data, with the calculations of
the electrical transport parameters ensure that our cal-
culated figure of merit is accurate for MLG, BLG, and
BN doped MLG.
In this paper we provide an analytical solution using
the Callaway-Klemens method using a quadratic fit to
the out-of-plane ZA and linear fit to the in-plane LA
and TA acoustic phonon dispersion, respectively, and
show that the results are in perfect agreement with ex-
periments for MLG at room temperature only. The
Callaway-Klemen method overestimates κL at lower tem-
peratures for MLG and overestimates κL at all temper-
atures and lengths for BLG when compared to experi-
mental measurements. This motivated the present study
on the thermal conductivity by calculating the scatter-
ing rates for each acoustic mode beyond the RTA us-
ing the first-principles iterative ShengBTE37 method for
MLG and BLG at various lengths as well as temperatures
and compare our results with various experimental data.
Moreover, using the scattering rates from the ShengBTE
method, we also calculate the length dependent κL for
doped MLG treating BN dimers as point defects.
Using the above accurate calculations of κL and our
earlier calculated data15 on S and σ for these materials,
we calculate the thermoelectric figure-of-merit (ZT ) of
MLG and BLG and study the effect of sample length and
BN-doping on ZT . Purpose of this paper is to demon-
strate that the iterative ShengBTE method gives accu-
rate results of κL and its dependence on sample length for
both MLG and BLG without any fitting parameters in
quantitative agreement with experimental data. We have
also found κL to decrease (∼ 70%) for MLG upon BN-
doping. Our calculated decrease in κL is consistent with
such decrease observed in oxygen defects in Graphene us-
ing Raman spectroscopy38. We have presented a compar-
ison of our results with experimental data using the local
activation model39. This decrease in κL together with
increase in S and σ leads to nearly ten fold increase in
the thermoelectric figure-of-merit (ZT ) upon BN-doping
and decrease in sample length.
In the next section our calculational method is pre-
sented together with the theoretical framework used for
the calculation of lattice thermal conductivity κL. Re-
sults on the phonon dispersion, Gru¨neisen parameter, κL
and eventually ZT are given in subsequent sections fol-
lowed by a summary.
II. METHOD OF CALCULATION
A. Electronic and phonon band dispersion
Geometry optimizations were carried out on a hexag-
onal unit cell for both monolayer (MLG) and bilayer
graphene (BLG) using the first-principles Density func-
tional theory (DFT) as implemented in the QUANTUM
ESPRESSO code40. The unit cell consists of 2 and 4 car-
bon atoms in the xy-plane for MLG and BLG, respec-
tively. Ultrasoft pseudopotential was used to describe
the exchange-correlation potential kernel in the local den-
sity approximation (LDA)41. A vacuum spacing of 20 A˚
was introduced in the z-direction for the periodic super-
cell, which avoid interactions between atoms in different
planes for MLG. For BLG two such layers were taken
in such supercell where Van der Waals interaction42 be-
tween the planes was included. For the k-point sampling,
we have chosen a Monkhorst-Pack43 grid of 16 × 16 × 1
and 16× 16× 4 for MLG and BLG, respectively. A 160
Ry charge density energy cut-off and 40 Ry kinetic energy
cut-off were used in solving the Kohn-Sham equation self
consistently with an accuracy of 10−9 Ry.
The phonon dispersion along the high-symmetry
points in the two-dimensional (2D) hexagonal Brillouin
zone (BZ) (qz = 0), and phonon density of states (PDOS)
were calculated on the geometrically optimized struc-
tures using the density functional perturbation theory
(DFPT)44. A Monkhorst-Pack q-grid of 6 × 6 × 1 for
MLG and 6×6×2 for BLG was used in the self-consistent
calculations with a phonon frequency threshold of 10−14
cm−1.
B. Theoretical methods for calculation of κL
1. Analytical Callaway-Klemens method
The lattice thermal conductivity (κL) by Callaway-
Klemens29,45 method and modified by Nika et. al.25 for
an isotropic two-dimensional system is expressed as
κL =
1
4pikBT 2Nδ
×
∑
s
qmax∫
qmin
[~ωs(q)]2v2s(q)τtot(q)
e
~ωs(q)
kBT
[e
~ωs(q)
kBT − 1]2
qdq,(1)
3where, ~ is the reduced Planck constant, δ is the hight
between two consecutive layers, N number of layers, kB
is the Boltzmann constant. The mode dependent phonon
frequency and velocity at wave vector q and correspond-
ing to branch s is denoted by ωs(q) and vs(q). qmax is
wave vector corresponding to the Debye frequency while
qmin is the wave-vector that corresponds to the sample
length (L) dependent low cut-off frequency. We have
used this formulation to calculate κL for 2D single- and
multilayered BN and its length dependence previously46.
The total phonon relaxation time τtot comprises of
the contributions from, (i) the phonon-phonon Umklapp
scattering, (ii) the boundary scattering, and (iii) scatter-
ing due to point defects. The phonon-phonon Umklapp
scattering rate (τU ) for a given mode s is given by
25,29,45
τU,s(q) =
Mv2s(q)ωD,s
γ2s (q)kBTωs(q)
2
, (2)
where, M is the total mass of the atoms in the unit cell
and γs(q) is the mode dependent Gru¨neisen parameter
at wave vector q. The Gru¨neisen parameter (γs(q)) was
calculated by us15 recently by applying a ± 0.5% biaxial
strain to MLG and BLG using γs(q) =
−a0
2ωs(q)
δωs(q)
δa .
The rough boundary scattering rate are shown to be
given by25,
τB,s(q) =
d
vs
(
ωs(q)
) 1 + p
1− p , (3)
where, d is the width of the sample. The specularity
parameter (p) depends on the roughness of the edges. For
example an ideal smooth sample would have a specularity
parameter p = 1. The scattering rate due to point defects
is written as25,
τP,s(q) =
4vs
(
ωs(q)
)
S0Γ0qs
(
ωs(q)
) 1
ω(q)2s
, (4)
where, Γ0 is a dimensionless parameter to determine
the strength of the point-defect scattering, given by
Γ0 =
∑
i fi(1 − MiM ), where M =
∑
iMifi is the aver-
age atomic mass, fi is the fractional concentration of the
impurity atoms with mass Mi. The cross-sectional area
per atom of the lattice is denoted by S0. Each of the
mentioned scattering rates can be combined to calculate
the total phonon relaxation time which is given by the
Matthiessen’s rule47,
1
τtot,s(q)
=
1
τU,s(q)
+
1
τB,s(q)
+
1
τP,s(q)
. (5)
The integral in Eq.1 over the entire BZ would require
setting the lower cut-off to zero which would lead to an in-
finite thermal conductivity. Klemens48 offered a physical
reason for selecting the cut-off frequency corresponding
to the ZO′ mode at the Γ point for bulk graphite. This
method would work with BLG but would not for MLG
due to the absence of the ZO′ mode.
Another approach to avoid the divergence is by curbing
the phonon mean free path (MFP) on the boundaries of
the sheets26. This is achieved by making a condition that
the MFP cannot exceed the physical size of the sample.
This has been incorporated in both the approaches in the
present paper.
By changing the integral variable from wave-vector (q)
to phonon frequency (ω), the upper and lower limits of
the integral in Eq. 1 would then correspond to the Debye
(ωD) and cut-off (ωmin) frequency, respectively, which
has been described in a recent paper46.
A simple analytical expression for the mode-dependent
κL using the Callaway-Klemens method with point de-
fects and boundary scattering is given in the appendix.
2. Iterative real-space method (ShengBTE)
We have also used an alternative first-principles iter-
ative method based on DFT and DFPT utilizing third-
order anharmonic inter-atomic force constants for calcu-
lating κL of MLG and BLG, as implemented in Sheng-
BTE code37. In this method the lattice thermal con-
ductivity tensor καβL is calculated by solving the phonon
Boltzmann transport equation from the converged set of
phonon scattering rates using the expression,
καβL =
1
kBT 2ΩN
∑
s
f0(f0 + 1)(~ωs)2vαs τtot,s(vβs + ∆βs ).(6)
Here, Ω is the volume of the unit-cell, N denotes the number
of q-points in the BZ sampling. Here, τtot, ω and v are the to-
tal phonon relaxation time, frequency and the phonon group
velocity, respectively. f0 denotes the Bose-Einstein distribu-
tion function and ∆ accounts for the correction to the phonon
group velocity due to the deviation from the relaxation time
approximation37,46. It must be noted that in the iterative ab-
initio method, the scattering rate processes can not be clas-
sified into Umklapp or Normal scattering processes as done
in the Callaway-Klemens method (Eq. 2). The solutions to
the self consistent equations are the combined three-phonon
scattering rates37.
Lattice thermal conductivity calculations for MLG and
BLG using ShengBTE method, having two and four atoms
in its unit cell, using third nearest neighbor interactions for a
4×4×2 supercell yields 72 and 156 displaced supercell config-
urations, respectively. From a set of third order derivatives of
energy, calculated by implementing the plane-wave method
on these displaced supercell configurations, the third-order
anharmonics IFCs are constructed. The number of such con-
figurations increase exponentially with increase in number of
atoms in the unit cell. For example, five layered boron ni-
tride, having 20 atoms in the unit cell, the same number of
nearest neighbor interaction for the calculation of κL required
828 configurations as used earlier46.
Finally, from our previous results15 of the electrical con-
ductivity (σ) and the Seebeck coefficient (S), we obtain the
figure-of-merit (ZT ) of undoped MLG and BLG and BN-
doped MLG, using ZT = S
2σ T
κel+κL
, where κel is the electronic
thermal conductivity, found to be ∼ 10−8 times smaller than
κL.
4III. RESULTS AND DISCUSSIONS
A. Phonon dispersion, density of states and the Gru¨neisen
parameters
In Fig. 1 we show the calculated phonon dispersion along
the high symmetry q-points in the 2D irreducible hexagonal
BZ for MLG and BLG15 and the phonon densities of states
(PDOS). Using standard group theoretical methods, it can
be shown46 that for MLG the six allowed phonon modes are
represented by the point-group (PG) symmetry A2u + E2g +
B1g + E1u, whereas for BLG the twelve allowed modes are
represnted by the PG symmetry 2A2u + 2Eg + 2Ag + 2Eu.
Transitions corresponding to the basis x, y, z are Infrared ac-
tive while transitions corresponding to product of those basis
(xy, yz, x2) are Raman active. The momentum conservation
requires that the first-order Raman scattering processes are
limited to the phonons at the center of BZ (q = 0). Cal-
culated allowed Raman and Infrared phonon frequencies for
MLG and BLG and available experimental data are shown in
table I.
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FIG. 1. Calculated phonon dispersion and phonon density
of states of MLG (above) and BLG (below) along the high
symmetry points of the 2D hexagonal Brillouin zone. The
magenta dashed lines are the best linear and quadratic fit
to the in-plane and out-of-plane wave dependent fit to the
phonon dispersion.
We have used linear fit to the in-plane acoustic phonon
modes (LA, TA) and a quadratic fit to the out-of-plane acous-
tic mode (ZA), for obtaining an analytical form of mode-
dependent κL for these materials as discussed in the Ap-
pendix.
As in the case of the first and second order Raman and
Infrared spectroscopy51,52, where our calculations based on
harmonic IFCs are justified experimentally, the measurements
based on the pressure dependence of Raman lines53 sheds light
on the anharmonic IFCs. The mode dependent Gru¨neisen
parameters (γ) can be obtained experimentally at the high-
symmetry Γ point using the mentioned technique53.
Gru¨neisen parameters along the Γ to K direction for MLG
and BLG are plotted in Fig. 2. Alongside the first-principles
Gru¨neisen parameter calculations, we plot the fitted constant
values that we use in our study to calculate the contributions
TABLE I. Phonon frequencies at the Γ point derived from our
earlier calculations in comparison with experimentally mea-
sured Raman frequencies.
ω(cm−1) Expt. (Sys.) MLG (P.G. Sym.) BLG (P.G. Sym.)
ΓZO 867.9 (MLG
a) 907 (A2u) 915 (A2u)
ΓLO 1579.7(MLG
a) 1580.0 (E2g) 1544 (Eg)
ΓTO 1579.7 (MLG
a) 1580.0 (E1u) 1540 (Eu)
ΓZO′ 99 (BLG
b) - 108 (A1g)
ΓLA2 32 (BLG
c) - 22.16 (Eg)
ΓTA2 32 (BLG
c) - 22.16 (Eg)
γ Expt (Sys.) MLG BLG
γTO 1.99 (MLG
d) 1.85 1.89
a Experimental data, Ref.49,50.
b Experimental data derived from overtone Raman peaks,
Ref.51.
c Experimental Raman data, Ref.52.
d Experimental Raman data, Ref.53.
to κL from the in-plane acoustic phonon modes (LA, TA) and
the fitted inverse square dependence on the wave-vector (q)
for the out-of-plane acoustic mode (ZA).
The inverse wave vector squared (1/q2) dependence of γ for
the ZA mode can be easily understood from the definition of
Gru¨neisen parameter for two-dimensional crystal46, γs(q) =
−(a0/2ωs(q))(δωs(q)/δa), and from the q2-dependence of the
phonon dispersion of the ZA mode. Here, a0 and δa denote
the lattice constant and its change under strain, respectively.
Under small positive and negative strain γZA(q) ∼ 1/q2, since
the second term in γZA(q) will not depend on q.
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FIG. 2. The calculated Gru¨neisen (γ) parameters of all the
modes along the Γ to K direction of the 2D Brillouin zone of
the hexagonal unit cell for MLG(left) and BLG(right). The
maroon dashed lines are the best constant and inverse squared
wave dependent fits to the in-plane (LA,TA) and out-of-plane
(ZA) γ parameters, respectively.
It is clear from the figure that the γ parameters for the in-
plane modes (LA,TA) do not deviate much from their average
value justifying a constant approximation made in our calcu-
lations. Similarly, the fit to the γ parameters using the fitted
inverse square wave dependence for the out-of-plane ZA mode
is in good agreement with our first-principle calculations. The
γ parameters provide information on the degree phonon scat-
tering and anharmonic interactions between lattice waves54.
5From Eq. 2 it is clear that the relaxation time is highly de-
pendent on γ which in turn is dependent on κL.
In the next section we calculate, using the phonon disper-
sion and the Gru¨nesien parameters, the lattice thermal con-
ductivity with and without point defects.
B. Lattice thermal conductivity using the
Callaway-Klemens method
We first obtain the analytical solution of κL for an ideal
sheet of MLG and BLG and then calculate κL numerically for
them with defects and specularity parameter (p) with values
other than one.
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FIG. 3. Temperature dependence of κL using the analyti-
cal solutions of the Callaway-Klemens method for each of the
acoustic modes at a constant length for (a) MLG and (b)
BLG. The blue dots are experimental values of κL at room
temperature for sample lengths 1.4µm and 5µm for MLG and
BLG, respectively. Inset: Length dependence of κL at con-
stant temperatures, T=120K and T=300K. The maroon dot-
ted lines are the length dependence with point defects with
parameters used to fit the experimental data55,56.
Fig. 3 shows the acoustic mode dependent κL as a func-
tion of temperature for (a) MLG and (b) BLG at a constant
length of 1.4 µm. The insets in Fig. 3 (a) and (b) are the
length dependent κL at two constant temperatures 120K and
300K. Length is defined as the direction along which the heat
propagates. The fitting parameters, discussed in the previous
section, used in this study are shown in table II. The length
dependent analytical form for κL for MLG at RT is in ex-
cellent agreement with a recent experiment56. However, our
results of κL overestimate the experimental data at T=120K.
One explanation for this could be that in the lower tempera-
ture range (0-100 K), κL increases rapidly and hence a small
change in the temperature in this range would result into a
large change in the lattice thermal conductivity, making com-
parison with experimental data difficult. Another possible
reason could be that we have considered a sample with an
ideal sheet without any form of defects or impurity. We find
that, using a large specularity parameter of p = 0.9 and an
extremely small value of Γ0=0.001 of Eq. 4, our length de-
pendent calculations with point defects for MLG agree with
experimental measurements at T=120K.
TABLE II. Parameters used in the analytical solutions of the
Callaway-Klemens method.
System
vLA
(m/s)
vTA
(m/s)
γLA γTA
α × 10−7
(m2/s)
β × 10−20
(1/m2)
MLG 18021.5 12968.4 1.70 0.65 5.64 -7.7
BLG 18014.3 12624.9 1.75 0.72 5.89 -7.47
The major difference between the thermal conductivity of
MLG and BLG is due the out-of-plane ZA phonon mode.
MLG has a total of twelve process involving the flexural
phonons (ZA). Seol et. al.19 obtained a selection rule for
the three-phonon scattering rates stating that only an even
number of ZA phonons is attributed to each process. The
four allowed processes involving flexural phonon-modes have
been listed by Shen et. al.21. Therefore, the scattering rate
given by Eq. 2 needs to be multiplied by three for the case of
MLG. Our calculations suggest that the LA and TA modes
contribute maximum to the total κL.
C. Lattice thermal conductivity using the Iterative
method
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FIG. 4. The calculated mode-dependent (κL) and total
κL plotted as a function of sample-length L in logarithmic
scale(a,b) and linear scale (c,d) at two temperatures, T =
120K and T = 300K. Solid(dashed) curves refer to calculation
on MLG(BLG). The orange diamond points are the values of
κL
15 at the thermodynamic limit (L→∞). (d) Zoomed box
in (c) comparing our calculations with available experimental
data55,56.
Figs. 4(a) and 4(b) show, in logarithmic scale, the length
dependence of the contribution from each of the acoustic
modes (LA,TA,ZA) to the total lattice thermal conductiv-
ity (κL) at two fixed temperatures, T = 300K and T = 120K,
respectively, for MLG and BLG, calculated using the itera-
tive ShengBTE method37. The iterative method clearly shows
that the out-of-plane acoustic ZA mode contributes the most
to the total lattice thermal conductivity. At room tempera-
ture (RT) and at the thermodynamic limit, the contribution
for MLG (BLG) are 79% (70%), 19% (26%) and 2% (4%)
from the ZA, TA and LA modes, respectively.
6We find for BLG, a ∼ 9% drop in κL in comparison to that
of MLG due to the ZA mode. The major difference between
the phonon dispersions between MLG and BLG is the addi-
tional out-of-plane optical mode ZO
′
. Due to this additional
low-frequency mode, more phase space states are now avail-
able for phonon scattering and is one of the reason for the
decrease in κL in BLG. As evident from Fig. 4(b), we find
at small sample lengths and at lower temperatures, the mode
dependent contributions to κL are identical for both MLG
and BLG indicating that the phonon transport is ballistic
and independent to the number of layers.
In Fig. 4(c), we plot the total κL as a function of sample
length. Since most of the lattice thermal conductivity mea-
surements were carried out at small sample lengths, in order
to compare our calculations to experimental data, we show in
Fig. 4(d) the zoomed data in the thin rectangular box of Fig.
4(c) where experimental measurements are available for the
given sample length range.
The orange diamond points shown in Figs. 4(a), 4(b) and
4(c) are values of κL at the thermodynamic limit, reported
previously15, at the corresponding temperatures. The ther-
modynamic value of κL for MLG at 120K is higher than that
its value at RT while reverse is case for BLG. This suggests
that the temperature dependence of κL(T ) has a peak closer
to T =120K for MLG, whereas this peak shifts to a higher
value for BLG. Lindsay el. al.13 have shown that the mode
dependence of κL for MLG depends only slightly on strain.
The length dependent calculations of κL using first princi-
ples calculation based on DFPT13 at RT, referring to each of
the acoustic modes, for the unstrained MLG are in very good
agreement with our calculations shown in Fig. 4(a). Our
length dependent κL calculations are in excellent agreement
with earlier theoretical calculations35 shown in Fig. 4(d).
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FIG. 5. The calculated mode-dependent contributions to κL
at three different sample lengths (a,b), and total κL (c,d) as
a function of temperature. Black circular dots are available
experimental data55,56.
Fig. 5 shows the temperature dependence of each of the
acoustic modes and the total lattice thermal conductivity at
three constant lengths, L=1.4 µm, 5 µm and 9 µm, calculated
using the ShengBTE method37, along with the available ex-
perimental data. The ZA out-of-plane mode is shown to be
the most sensitive to length as compared to the in-plane, LA
and TA modes. This suggests that the ZA phonons travel
ballistically in the sheets while the TA and LA modes travel
diffusively. Measurements of graphene19 on a SiO2 substrate
show a reduction in κL which has been explained with a scat-
tering model where the contributions from the out-of-plane
are the most dominant, in line with our calculations.
Experimental results at the thermodynamic limit (L→∞)
of κL at room temperature for graphite show a value of ∼ 2000
Wm−1K−1 35. Our calculated thermodynamic limit of κL for
BLG is ∼ 1700 Wm−1K−1. This proximity of κL between
BLG and graphite implies that the interlayer interactions are
short ranged.
In Figs. 5(a) and 5(b), it can be seen that at low tem-
peratures, the ZA mode is always larger than the in-plane
acoustic modes (LA,TA). This behavior can be understood
by considering the phonon density of states (PDOS) which
is proportional the number of phonon-modes per frequency
interval13. Using the definition of the 2D density of states,
Ds(ω) ∝ q2pi dqdω , one can measure the contributions from each
phonon modes to the total thermal conductivity. Denoting
Do and Di as the PDOS for the out-of-plane and in-plane
modes, it can be easily shown that, assuming a quadratic
(ωi = αq
2) and linear (ωi = viq) fit to the out-of-plane and
in-plane phonon modes, respectively, Do
Di
=
v2i
2αωi
. Where, vi,
ωi (i=LA,TA), are the fitting parameters to the phonon ve-
locity and phonon frequency shown in Table II and is plotted
in Fig. 1. Substituting the values from Table II, it is evident
that at the long wavelength limit (q → 1), Do
Di
 1.
D. Comparison between Callaway-Klemens and Iterative
method
Though the calculations of the total κL for MLG using the
Callaway-Klemens and the iterative ShengBTE methods ex-
hibit excellent agreement, the results on mode-dependent κL
differ sigficantly. Our analytical solutions (see Appendix) us-
ing the Callaway-Klemens method suggest that, due to the
quadratic nature of phonon dispersion of the out-of-plane ZA
phonon-mode and the large negative values of Gru¨neisen pa-
rameters, contribution from the ZA mode should contribute
the least to the total lattice thermal conductivity. On the
other hand the LA and TA phonon-modes exhibit smaller
Gru¨neisen parameters and linear phonon dispersion, making
the phonon group velocities almost constant and large along
the boundary of the Brouillon zone.
The iterative ShengBTE method yields, due to the PDOS
and symmetry of MLG, the ZA phonon-modes to contribute
the most in the total κL as discussed in the previous sub-
section. Therefore, calculating the thermal conductivity of
BLG using the two mentioned methods should end this dis-
parity since the selection rules for the ZA modes is broken
for BLG as compared to that in MLG. It should be noted
that, in both methods, the difference between the total κL in
MLG and BLG is due to the contributions of the ZA modes.
Note, that a multiplicative factor of three in the scattering
rate (Eq.2) in Callaway-Klemens method for MLG was intro-
duced heuristically which is not an artefact of the theory, as
discussed in Section III(B). Absence of the multiplicative fac-
tor would imply that the thermal conductivity of MLG would
be similar to that of BLG since the magnitude of phonon
group velocity and Gru¨neisen parameters are similar for both
the materials. Calculations of κL by Kong et. al.
23 have re-
ported that κBLGL ∼ κMLGL , in line with our calculations using
the analytical form without the multiplicative factor46. How-
7ever, lattice thermal conductivity experimental data at RT
yield κBLGL ∼ 0.68 κMLGL 57. The iterative ShengBTE method
at RT yields κBLGL ∼ 0.60 κMLGL . As seen from Fig.3, at
room temperatures calculations using the Callaway-Klemens
method overestimates κL for BLG.
Moreover, length dependence calculations of κL of MLG
at 120K using the iterative method are in decent agree-
ment with experimental data at the same temperature, un-
like in Callaway-Klemens method where point defects with
additional fitting parameters were required to fit the cal-
culations with the experiment (Fig. 3). Since our calcu-
lations using the iterative method are in excellent agree-
ment with the experimental measurements at different lengths
and temperatures55–57 along with other available theoret-
ical calculations based on Tersoff empirical inter-atomic
potentials18,20 and first-principles calculations13, the relax-
ation times calculated by iterative method are accurate
as compared to those calculated by the Callaway-Klemens
method. Calculations of κL implementing the iterative
method on layered hexagonal boron-nitride have shown to
be in excellent agreement using the Tersoff potentials17,58 as
well as first-principles methods46. We therefore use only κL
derived from the iterative method for the calculations of the
figure of merit (ZT ) in the next section.
E. Figure of Merit of undoped MLG and BLG
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FIG. 6. The calculated Figure of merit (ZT ) for un-
doped MLG (left) and BLG (right) at three different lengths,
L=1.4µm, L=5µm and L=9µm together with its thermody-
namic limit (L → ∞). The black dashed line refers to the
experimental data38. Inset: Calculated ZT as a function of
temperature for fixed chemical potential.
Fig. 6 shows the figure of merit (ZT ) of undoped MLG
and BLG at three different lengths together with thermody-
namic limit (L → ∞). Our calculated ZTmax = 0.60 × 10−3
at T = 300K in thermodynamic limit appears to be in good
agreement with recent experimental data available for pristine
graphene38, ZT=0.55 ×10−3 (shown as black dashed line).
The electrical Boltzmann transport equations using the RTA
yields an electrical relaxation time (τe) scaled electrical con-
ductivity ( σ
τe
). Berger et. al.59,60 have experimentally mea-
sured the resistivity to be ρ = 1 µΩcm which results in an
electrical conductivity ≈ 7.1 ×107 1
Ωm
. Adopting a Drude
model, Tan et. al.7 have estimated τe as a function of charge
density having values in the range 10fs-100ps. Using the lower
bound for the relaxation time we obtain σ, as calculated by
us recently15, in the same range as seen experimentally59.
Therefore, we use τe = 10 fs in all our calculations for the
estimate of the figure of merit for MLG.
It should be noted that in general τe is a function of tem-
perature and the electron momentum and therefore, depends
on the direction in the Brillouin zone. Durczewski et al.61
have devised a formalism to calculate the electron relaxation
time and Zahedifar et al.62 have used this model to calculate
the figure of merit of half-Heusler semiconductors. A real-
istic model of τe is of great importance but difficult to be
taken into account. The implementation of τe in the Boltz-
mann transport equations in the BoltzTrap code63 are treated
to be isotropic based on the formulation of Schulz et al. 64.
Moreover, the behavior of the electrical resistivity, conduc-
tivity, mobility and Seebeck coefficients calculated using an
isotropic τe
15 are in excellent agreement to various experimen-
tal measurements4,65–67, which indicates that an isotropic τe
can be a good approximation for graphene and related mate-
rials.
In the inset of Fig. 6 we see that the for a fixed chemical
potential, in the temperature range 50-300K, ZT is larger for
smaller sample lengths. Our calculated ZT for both, MLG
and BLG, are symmetric along the chemical potential. Due
to the linear and parabolic electronic bandstructure of MLG
and BLG, respectively; MLG has one peak while BLG has two
in their ZT as a function of chemical potential. Both, MLG
and BLG are semi-metals and hence transport would occur
only near the Fermi energy because for electrons away from
the Fermi energy, there are no available states within a small
energy window. At the Fermi energy, the ZT is zero because
the electronic density of states corresponding to chemical po-
tential at the Fermi energy is zero.
F. Decrement of κL and Enhancement of ZT in
BN-doped MLG
Defects are commonly considered to be destructive to the
properties of a material used in solid states devices. Nonethe-
less, defects can occasionally be useful in supplying dopants to
control their carrier concentration depending on the carriers
either being n-type or p-type.68. Systems such as graphene
have defects introduced in them for technological applications.
Point defects arise within the planes of graphene mostly in the
form of impurity atoms and lattice vacancies. Foreign impuri-
ties such as boron and nitrogen are common p-type and n-type
dopants for graphene.
Micro-Raman spectroscopy is a method to characterize in-
plane defects in graphene-like systems39,68,69. The disorder-
induced band, also known as the D-band, is a characteristic
Raman feature in graphene-like systems. The D-band has no
intensity in the absence of any defects and any given impurity
that breaks the translation symmetry of the lattice introduces
a D-band intensity in the Raman spectrum. Along with the
D-band, the G-band in Raman spectrum also gives informa-
tion in understanding defects in graphene-like materials pre-
dominantly when the impurity atoms dopes the material to
change the bonding strength of the foreign species in the host
8carbon atom. Therefore, the ratio of the intensity of the D
band to the G-band ( ID
IG
)in the Raman spectrum plays an
vital role in understanding the defects due to impurity scat-
tering in graphene-like systems.
Study of the disorder due to defects in graphene caused by
low energy Ar+ ion bombardment was done by Lucchese et
al.70 using Raman scattering. This was carried out by varying
the densities of the defects induced with different doses in
the ion bombardment. The results of the experiment were
modelled by inferring that a single impact of an ion on the
graphene sheet would modify the sheet on two length scales39.
The model is known as the local activation model. The two
length scales are referred to as rA and rS which are the radii of
two circular areas measured from the impact point as shown in
Fig. 7. The shorter radius, rS , is the structural disorder from
the impact point and is know as the structurally-disordered
region or the S-region. At distance for radii greater rS but
smaller than rA causes a mixing of Bloch states near the K
point and hence enhances the intensity in the D-band in the
Raman spectrum. This region is termed as the activated or
A-region beyond which the lattice structure is preserved and
absent from any defect or impurity39.
FIG. 7. Unit cell containing 50 atoms with one BN-dimer
(left) and two BN-dimers (right) embedded in graphene used
in our calculation. The red and black arrow correspond to
the radius of the activated region (rA) and the structurally
defective (rS) region, respectively.
The local activation model for the ID
IG
ratio is a function of
the average distance between two defects, LD and is expressed
as38,39,68,
ID
IG
= CA
r2A − r2S
r2A − 2r2S
[
e
−pir2S
L2
D − e
−pi(r2A−r
2
S)
L2
D
]
+ CS
[
1− e
−pir2S
L2
D
]
(7)
where CA and CS are adjustable dimensionless parameters.
For graphene-like materials the value of CA and CS are found
to be 4.2 and 0.87 respectively38,39,68 and are the values used
in our calculations. The remaining parameters used in our
paper are as follows: The average length between the defects
is the same as the length of the unit cell, LD = 12.33A˚. The
radii used for the A-region and S-region for one BN-dimer
are rA = 1.85A˚ and rS = 0.722A˚, respectively. Similarly, the
radii used for the A-region and S-region for two BN-dimers
are rA = 2.69A˚ and rS = 1.44A˚ respectively (See Fig.7). The
resulting ID
IG
ratio of one and two BN-dimers are calculated
to be 0.253 and 0.451, respectively. The method to calculate
the lattice thermal conductivity of BN-doped graphene will
be discussed shortly and the results are plotted in the inset
of Fig. 8 as a function of the ID
IG
ratio.
We have used our previous results15 on electrical transport
of BN-doped MLG obatined using first-principles DFT based
electronic band structure and Boltzmann transport equations
for the band electrons for obtaining σ and S, which are then
used to evaluate ZT .
For calculating κL for BN-doped MLG, we have used the it-
erative ShengBTE method taking BN dimer as point defects
in graphene sheets. Calculation of the thermal conductiv-
ity of doped MLG was performed by extracting the phonon
frequency (ω) dependent phonon relaxation time from the it-
erative method for MLG, adding the ω-dependent point de-
fects (Eqs. 14,15) with calculated parameters, and solving
Eqs. 8 and 9 with the new calculated phonon relaxation time
derived from the Matthiessens rule (Eq. 5). The required
parameters for one and two BN-doping were calculated to be
ΓBN0 = 7.48 × 10−4,Γ2BN0 = 1.48 × 10−3, which enter in Eqs.
14,15.
Polanco et al.36 have calculated the scattering rates due to
point defects by various atoms including boron and nitrogen
in graphene. The point defect formula used in their paper is
very similar to the Eqs. 14 and 15, with a linear fit (for the
LA,TA modes) and a quadratic fit (for the ZA mode) to the
phonon dispersion, as done by Lindsay et. al.13.
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FIG. 8. The calculated Figure of merit (ZT ) of one and
two BN dimers doped Graphene at three different lengths,
L=1.4µm, L=5µm and L=9µm along with its thermody-
namic limit. Inset: The lattice thermal conductivity plotted
as a function of the ratio of intensity of the D and G band.
The black circular points refer to the experimental data of
Anno et al.38. The red circular points refer to the present
calculations.
In Fig. 8 we show the figure of Merit for MLG doped with
one and two BN dimers at three different sample lengths,
L=1.4µm, L=5µm and L=9µm along with its thermody-
namic limit. The two fold increase in S, thereby increasing
ZT , for MLG upon doping15 is attributed to the occurance of
a small band gap. Further increase in ZT for smaller sample-
lengths is attributable to decrease in κL as shown in earlier
sections. In the inset of Fig. 8 we plot the lattice thermal
conductivity as a function of the ID
IG
ratio. We find that the
κL behavior as a function of
ID
IG
ratio is in decent agreement
with experiments introducing defects in graphene using oxy-
gen plasma treatment38.
9Our calculations predict that ZT is almost symmetric
around the Fermi energy showing an increase with gate volt-
age for both n(p)-type doping. As one goes to higher values
of energy (or gate voltage), there are additional peaks in ZT
separated by minima at around 0.7eV above and below the
Fermi energy. The higher values of ZT found at various en-
ergy range may lead to increased thermoelectric performance
of doped graphene based devices.
Graphene is semi-metallic and gapless which leads to ex-
tremely small thermoelectric power factor (S2 σ). However,
a band gap is created at the Fermi level when graphene is
doped simultaneously with boron and nitrogen71, which leads
to enhancement in its thermoelectric power factor. Elaborate
work have been carried out by various groups72–74 on band
gap engineering of boron-nitride doped graphene by varying
their constituent concentration. Therefore, graphene doped
with two BN dimers have negligible ZT around the Fermi
level for a larger chemical potential range as compared to
MLG doped with one BN dimer which in turn has negligi-
ble ZT for a larger chemical potential range as compared to
pristine MLG. This is the product of two BN dimers doped
MLG having band gaps greater than one BN dimer doped
MLG and that pristine MLG has a no band gap. In order to
have a better understanding of all the peak seen when ZT is
plotted versus the chemical potential, we performed a model
calculation described in Appendix B.
IV. SUMMARY
In summary, using first-principles DFT based electronic
and phonon band structure methods together with Boltzmann
transport equations for electron and phonon, we have calcu-
lated the phonon dispersion and Gru¨neisen parameters for
MLG and BLG and find our results to be in good agreement
with experimental data (Raman spectroscopy and HREELS).
Making a linear and quadratic fit to the in-plane and out-of-
plane acoustic phonon dispersion along with constant in-plane
and an out-of-plane inverse square wave vector dependent
Gru¨neisen parameters, we find an analytical solution to the
mode, length and temperature dependent lattice thermal con-
ductivity for the Callaway-Klemens method. The Callaway-
Klemens method suggests that the out-of-plane ZA modes
contribute the least to the total lattice thermal conductivity
due to the large negative Gru¨neisen parameters and vanish-
ing velocities at the long wavelength limit and that the major
contribution to κL are due to the in-plane modes, LA and
TA, due to their large velocities and small Gru¨neisen param-
eters. The lattice thermal conductivity was also calculated
beyond the RTA using an iterative method implemented in
the ShengBTE code. The iterative method suggests that, in
direct contrast to the Callaway-Klemens method, that the ZA
modes contribute the most to the total κL while the in-plane
modes contribute the least.
The Callaway-Klemens and iterative method both yield ex-
cellent agreement to total κL for MLG at RT and is the rea-
son as to which mode contributes the most to κL. In order
to solve this discrepancy, we calculate the mode, length, and
temperature dependent κL of BLG since the selective rule is
broken in the ZA modes for BLG. We find that the Callaway-
Klemens method overestimates the thermal conductivity and
additional point defects parameters are required to make the
theory fit with the experiments. However, using the iterative
method, we observe that all our calculations are in excellent
agreement with many available experiments without the use
of any fitting parameters. We therefore conclude that the
thermal conductivity has its major contribution from the ZA
mode and is also the most sensitive to the sample length. We
also conclude that the mode dependent relaxation time cal-
culated from the Callaway-Klemens method are not accurate
and one must go beyond the RTA to solve the relaxation times
especially for 2D materials like MLG and BLG.
Along with the electrical transport parameters like electri-
cal conductivity, Seebeck coefficient and hence power factor
calculated by us earlier, we have calculated the figure of merit
of MLG and BLG. The lattice thermal conductivity used in
our calculations were only taken from the iterative method.
Our calculation for pristine graphene at the thermodynamic
limit are in excellent agreement with available experimental
data. We also find an enhancement of the figure of merit
when the sample lengths are in order of µm as compared to
that of the thermodynamic limit. Implementing the activa-
tion model, our estimate of the ID
IG
ratio for graphene doped
with one and two BN-dimers treated as point defects are in
excellent agreement with an experiment where defects were
introduced by oxygen plasma treatment. Finally, we show
that when pristine graphene is doped with one or two boron
nitride dimers, the figure of merit is found to be enhanced
over a wide range in chemical potential. We have therefore
found a new route to enhance the figure of merit of graphene
and hence improve graphene based devices over a wide range
in gate voltage.
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VI. APPENDIX
A. Simple analytic expression for κL
In order to have an analytical expression for κL, we make
the approximations - (i) a linear phonon dispersion for the
in-plane acoustic modes, (ii) a quadratic dispersion for the
out-of-plane mode, (iii) constant Gru¨neisen parameters corre-
sponding to the in-plane acoustic modes, and (iv) an inverse
square wave-vector dependent Gru¨neisen parameters corre-
sponding to the out-of-plane acoustic mode.
For the case of an ideal 2D material i.e., a material without
any point defects having a specularity parameter of 1, with
these approximations, substituting equation 2 in 1 it can be
shown that the contribution to the total κL from LA, TA and
ZA modes will all have a closed form15,75.
We now extend our calculations with point defects and
specularity parameters for values of p less than 1. With these
approximations, Eq. 1 for the LA,TA and ZA mode can be
10
easily shown to be,
κLLA,TA =
1
C0
ωD∫
ωmin
~2ω3τtot
e
~ω
kBT
[e
~ω
kBT − 1]2
dω, (8)
κLZA =
2
C0
ωD∫
ωmin
~2ω3τtot
e
~ω
kBT
[e
~ω
kBT − 1]2
dω, (9)
where C0 is given by C0 = 4pikBT
2(Nδ) and the separate
relaxation times for the in-plane and out-of-plane modes with
these approximation become,
τU,s(ω) =
C1
ω2
; C1 =
Mv2ωDs
γ2kBT
⇒ [s = LA,TA] (10)
= C2ω ; C2 =
4MωDs
β2αkBT
⇒ [s = ZA] (11)
τB,s(ω) = C3 ; C3 =
d
v
1 + p
1− p ⇒ [s = LA,TA] (12)
=
C4√
ω
; C4 =
d
2
√
α
⇒ [s = ZA] (13)
τP,s(ω) =
C5
ω3
; C5 =
4v2
S0Γ0
⇒ [s = LA,TA] (14)
=
C6
ω2
; C6 =
8α
S0Γ0
⇒ [s = ZA] (15)
B. Model calculation of σ and S of BN-doped Graphene
The behavior of the ZT can be apprehended by studying
the Seebeck coefficient. For semiconductors with small energy
band gaps, the Seebeck coefficient, at a constant tempera-
ture, can be shown to be S ∝ d
dE
[lnσ(E)
∣∣
EF
]15,76. Where,
σ is the electrical conductivity. The electrical conductivity
as a function of wave vector σ(k) was derived from the wave
vector dependent velocity (v(k) = d
dk
), σ(k) ∝ v(k)2.  is
the energy dispersion derived from the electronic bandstruc-
ture. The energy dependent electrical conductivity and veloc-
ity are then calculated using, σ() =
∑
i,k σ(k)
δ(−i,k)
d
and
v() =
∑
i,k v(k)
δ(−i,k)
d
, respectively. The dummy variable
′i′ corresponds to the band index. In our model calculation,
i runs from i = 1 to i = 4, two bands below and above the
Fermi energy. This sections aims to understand the behavior
of ZT and hence all of the constants in our calculations are
set to 1.
Fig. 9 (a) shows the the bandstructure of one BN dimer
doped graphene. The red curves are the two bands closest
to the Fermi energy and the blue curves are the next clos-
est. The energy dependent velocity, electrical conductivity
and Seebeck coefficient are plotted in Fig. 9 (b,c,d) respec-
tively. The colour conventions for these curves correspond to
the colour of the bands in Fig.9 (a). It is evident from our
calculations that the zeros in the Figure of Merit are due to
the vanishing electron velocities and hence electrical conduc-
tivities. Our results using this model calculation show that
the features at |E − EF | ∼ 1 eV, which are absent in pris-
tine graphene, are due to the bands which are second to the
closest bands to the Fermi energy. The form of the Seebeck
coefficient shown in Fig. 9 (d) is in decent agreement to the
form calculated using the Boltzmann equations implemented
in the BOLTZTRAP code, shown in green circles15,63.
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FIG. 9. (a) Bandstructure of one BN-doped graphene, (b)
group velocity of electrons belonging to the two closest bands
to the Fermi energy, shown in red and blue, (c) electrical
conductivity of these electron system, (d) their Seebeck coef-
ficient. The blue and red curves in (b,c,d) refer to the bands
of the same colour as in (a). The green circles in (d) are the
first-principles calculations of S taking contributions from all
bands15.
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